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Abstract 

In this paper we show global existence of Lipschitz continuous solution for the stable 
Muskat problem with finite depth (confined) and initial data satisfying some smallness con- 
ditions relating the amplitude, the slope and the depth. The cornerstone of the argument 
is that, for these small initial data, both the amplitude and the slope remain uniformly 
bounded for all positive times. We notice that, for some of these solutions, the slope can 
grow but it remains bounded. This is very different from the infinite deep case, where the 
slope of the solutions satisfy a maximum principle. Our work generalizes a previous result 
where the depth is infinite. 
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1 Introduction 

In this paper we study the dynamics of two different incompressible fluids with the same viscosity 
in a bounded porous medium. This is known as the confined Muskat problem. For this problem 
we show that there are global in time Lipschitz continuous solutions corresponding to initial 
data that fulfills some conditions related to the amplitude, slope and depth. This problem is 
of practical importance because it is used as a model for a geothermal reservoir (see [ti] and 
references therein) or a model of an aquifer or an oil well (see [22]). The velocity of a fiuid 
fiowing in a porous medium satisfies Darcy's law (see [2, 22, 23]) 

^^;(X) = -Vp(x)-5P(^)(0,1), (1) 
K 

where /i is the dynamic viscosity, k is the permeability of the medium, g is the acceleration 
due to gravity, p{x) is the density of the fiuid, p{x) is the pressure of the fluid and v{x) is the 
incompressible velocity field. To simplify the notation we assume g = fi/n = 1. The motion 
of a fluid in a two-dimensional porous medium is analogous to the Hele-Shaw cell problem (see 
[7, 9, 16, IS] and the references therein). 

Let us consider the spatial domain 5 = M x (—1,1) for < We assume impermeable 
boundary conditions for the velocity in the walls. In this domain we have two immiscible and 
incompressible fluids with the same viscosity and different densities; fills the upper subdomain 
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Figure 1: Physical situation 



and fills the lower subdomain (see Figure 1). The graph f{x,t) is the interface between the 
fluids. 

It is well-known that the system is in the (Rayleigh- Taylor) stable regime if the denser fluid 
is below the lighter one in every point x, i.e. > p^. Conversely, the system is in the unstable 
regime if there is at least a point x where the denser fluid is above the lighter one. 

If the fluids fill the whole plane the contour equation satisfies (see [11]) 

o f P^-P^v>\r f (dxfjx) -d^f{x-r]))r] 

"•f = — ''■^^ /. + (/(.)-/(. 

For this equation the authors show the existence of classical solution locally in time (see [ I J ] and 
also [1, 14, 15, 19]) in the Rayleigh- Taylor stable regime, and maximum principles for ||/(t)||Loo(K) 
and ||5^/(i)llL°°(R) (see [I-]). Moreover, in [4, 5] the authors show the existence of turning waves 
and finite time singularities. In [n] the authors show an energy balance for the norm and 
some results concerning the global existence of solutions corresponding to 'small' initial data. 
Furthermore, they show that if initially ||(?x/o||l°°(r) < 1) then there is global Lipschitz solution 
and if the initial data has ||/o||//3(]k) < 1/5 then there is global classical solution. 

The case where the fluid domain is the strip S = M x (—1,1), with < /, has been studied in 
[3, 13, 14, 15, 17]. In this domain the equation for the interface is 

2_ 1 /■ /tan f^^^^^i^fc^)\ 



27r 



For equation (3) the authors in [d] obtain local existence of classical solution when the 
system starts its evolution in the stable regime and the initial interface does not reach the walls, 
and the existence of initial data such that ||9a;/||ioo(]R) blows up in finite time. The authors also 
study the effect of the boundaries on the evolution of the interface, obtaining the maximum 
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principle and a decay estimate for ||/(t)||Loo(K) and the maximum principle for ||92:/(t)||io 
for initial data satisfying the following hypotheses: 



/o||l°°(r) < 1) (4) 



tan ( JIM^lJH^ < ||a^/o||ioo(K) tanh , (5) 



and 



(||5x/o||l-(r) + |2(cos (^1^) - 2)sec^ (^1^) |||(9^/o||i, ^ ^ 
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1 + ||c^a;'/o||L°o(R) || <9a;/o IIloo (R) + 



tanh(l^) 




6tanh(|j) 4/2 
+ 4tan (|^II/oI|l°°) - 4||9a;/o||L°°(R) COS ||/o||l-'(r)) < (6) 

These hypotheses are smallness conditions relating ||9z/o||l°°(r)) II/o||l°°(m) and the depth. We 
define {x{l),y{l)) as the solution of the system 



r tan (t)-y tanh (|^)=0 



1+?; y+ 



'-(Ml 



+4 tan - 4y cos (fx) = 0. 
Then, for initial data satisfying 

\\dxfo\\L^(R) < y{l) and ||/o||loo(r) < x{l), (8) 



the authors in [i^] show that 



These inequalities define a region where the slope of the solution can grow but it is bounded 
uniformly in time. This region only appears in the finite depth case. 

In this paper the question of global existence of weak solution (in the sense of Definition 1) 
for (3) in the stable regime is adressed. In particular we show the following Theorem: 

Theorem 1. Let /o(x) G W^'°°{M.) n ^^(M) be the initial datum satisfying hypotheses (4), (5) 
and (6) or (8) in the Rayleigh- Taylor stable regime. Then there exists a global solution 

fix, t) e C([0, oo) X M) n L~([0, oo), Tyi'~(M)). 

Moreover, if the initial datums satisfy (4), (5) and (6) the solution fulfills the following bounds: 

II/(*)IIl°°{R) < II/o||l°°{R) 0.nd ||l9a;/(i)||L°°{R) < ll<9a'/o||L°°{R), 

while, if the initial datums satisfy (8), the solution satisfies the following bounds: 

=°(R) < ||/o||l°°(R) (^''^d \\dxf{t)\\Lo^iW) < 1. 
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This result excludes the formation of cusps (blow up of the first and second derivatives) and 
turning waves for these initial data, remaining open the existence (or non-existence) of corners 
(blow up of the curvature with finite first derivative) during the evolution. Notice that in the 
limit / — )• oo we recover the result contained in [8]. In this paper and the works [•'!, 13, 17] the 
effect of the boundaries over the evolution of the internal wave in a flow in porous media has 
been addressed. When these results for the confined case are compared with the known results 
in the case where the depth is infinite (see [5, 8, 11, 12]) three main differences appear: 

1. the decay of the maximum amplitude is slower in the confined case. 

2. there are smooth curves with finite energy that turn over in the confined case but do not 
show this behaviour when the fluids fill the whole plane. 

3. to avoid the turning effect in the confined case you need to have smallness conditions 
in 1 1 /o 1 1 LOO (M) and ||9x/o||l°°(r)- However, in the unconfined case, only the condition in 
the slope is required. Moreover, in the confined case a new region without turning effect 
appears: a region without a maximum principle for the slope but with an uniform bound. 
In both cases (the region with the maximum principle and the region with the uniform 
bound). Theorem 1 ensures the existence of a global Lipschitz continuous solution. 

Keeping these results in mind, there are some questions that remain open. For instance, the 
existence of a wave whose maximum slope grows but remains uniformly bounded, or the existence 
of a wave with small slope such that, due to the distance to the boundaries, its slope grows and 
the existence (or non-existence) of corner-like singularities when the initial data considered is 
small in VF^'°°(R). 

The proof of Theorem 1 is achieved using some lemmas and propositions. First, we define 'ad 
hoc' diffusive operators and the regularized system (see Section 2). For this regularized system, 
we show some a priori bounds for the amplitude and the slope. With these 'a priori' bounds 
we show global existence of solution (see Section 3). Then, we obtain the weak solution to 
(3), /, as the limit of the regularized solutions (see Sections 4 and 5). 

Remark 1 On the rest of the paper we take 7r/2Z = 1 and — = An and we drop in the 
notation the t dependence. We write c for a universal constant that can change from one line 
to another. We denote B{y, r) = [y — r,y + r]. 

2 The regularized system 

In this Section we define the regularized system and obtain some useful 'a priori' bounds for 
the amplitude and the slope. To clarify the exposition we write f^{x,t) for the solution of the 
regularized system. 

2.1 Motivation and methodology 

We remark that the term 




in (3) is a singular integral operator, while 
S2(x, rj) = dx arctan I tan 



( 



f{x) + f{x - rj) 



2 



) 




dry 
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is not if the curve does not reach the boundaries. In order to remove the singularity while 
preserving the inner structure, we put a term | tanh (^) 1*^ for < e < 1/10 in both kernels. We 
define 

'tan(/lM^p2i^) |tanh(2)l^^ 



■A(.x,r]) = arctan ( ^ tanh (2) ^ — ' 



and 

S|(a;, r?) = arctan I |tanh(3)|^ (2) ) ^^^^ 



tan ' /-(-)+/-(^-.) 



rl.OO 



To pass to the limit we use compactness coming from an uniform bound in L°°([0, T], W 
Thus, we need to obtain 'a priori' bounds for the amplitude and the slope. We define a^, 
i = 1,2,3,4 positive constants that will be fixed below depending only on the initial datum 
considered. Taking derivatives in H^, we obtain some terms with positive contribution. So, we 
attach some diffusive operators to the regularized system. Given a smooth function </), we define 

^;-,,(,, _ PV I W:.0-^(.-.))|tanh(j)|. ^^^ 

smh^ [^) 

We notice that, if the depth is not I = 7r/2, the previous operators should be rescaled and we 
write the subscript / to keep this dependence in mind. These operators are finite depth versions 
of the classical A" = (— A)"/^. Roughly speaking, there are three different types of extra terms 
appearing in the derivatives of (9) and (10) that we need to control to obtain the 'a priori' 
bound for the slope: 

1. There are terms which have an integrable singularity and they appear multiplied by e. In 
order to handle these terms we add —ea2^\~'^f'^{x) and — ea3A^^~^'^/'^(x). These two scales 
1 — e, 1 — 3e, appear naturally due to the nonlinearity present in (3). 

2. There are terms which are nonlinear versions of A; — A^^"*^ and A/ — A^^"^*^. These terms go 
to zero due to the convergence of the operators but they are not multiplied by e. In order 
to handle these terms we add — (A; — k]~^)f'^{x) and —a4^{h.i — k]~'^'^)f^{x). 

3. To absorb the nonsingular terms we add —^/ealf''{x). We notice that, as e < 1/10, the 
square root converges to zero less than linearly. This factor will be used because the 
contribution of some terms is 0(e") with 1/2 < a < 1. 

Once the 'a priori' bounds are achieved, we should prove global solvability in for the regu- 
larized system. To get this bound we add e5^/^(x). We also regularize the initial datum. We 
take J e C~(R), J > and \\J\\li = 1, a symmetric mollifier and define J^{x) = J{x/e)/e. 
Given /o G VF^'°°(M) n L^(R) we define the initial datum for the regularized system as 

r(x,0) = J,*/o. (12) 

Putting all together, we define the regularized system 

dtfix) = -Veaifix) + edlrix) - ea2k]-' fix) 



easA]-^^rix) - (A; - A;^-^)r (x) - a.iAi - Aj-''^)/ 



X 



+ 2P.V. / El{x, r])dr] + 2F.Y. / El{x,ri)dr]. (13) 
Jr Jr 
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where are universal constants that will be fixed below depending only on the initial datum 
/o- We remark that /q G -ff^(M) for all k > 0. Notice that, due to the continuity of /o, /q — >• /o 
uniformly on any compact set in M. Since dxfo G L°°(]R), we get dxfo G ^^^^^(R) and then, 
as as e -)• 0, we have * d^fo d^fo a.e. Thus, we have \\Je * /o||l°°(r) ||/o||l°°(r) and 
\\J'e*dxfo\\L°°(M.) — ^ ||c^x/o||l°°{m)- Furthermore, we have that if /o satisfies the hypotheses (4), (5) 
and (6), /q also satisfy these hypotheses if e is small enough. Moreover, if fo,dxfo satisfy (8) 
the same remains valid for and dxf^ if e is small enough. 

We use some properties of the operators A^^~^. For the reader's convenience, we collect them 
in the following lemma: 

Lemma 1. For the operators A^^"*^ (see (11)), the following properties hold: 

1. Aj^"*^ is L?' -symmetric. 

2. is positive definite. 

3. Let (j) be a Schwartz function. Then, they converge acting on (j) as e goes to zero: 

ll(A« - Ai"^)(/>||ii(K) < c||0||^y2.i(M)e. 

4. Let (f) be a Schwartz function. Then, the derivative can be written in two different forms 
as 

cj>{x)-4>{ri) 



, 5.<^(x)-|^igf |tanh((x-r?)/2)r 
K]-^dxm = (1 - ^)P- V. ^ ki^flE^) 

^ P.V.I ^ d,^.exm 

^py f 9xWx)-0(x-r?))|tanh(r?/2)r ^^ 



sinh 



•■2> 



Proof. We recall some useful facts: if |y| > 5 > 0, due to the Mean Value Theorem, we get 

d 



II tanh(y)|' - 1| 

and 



^^,tanh(y)r|^^^. 



<e|log(|tanh(y)|)|, (14) 



poo 

/ I log (I tanh(y)l) |(iy < c < 00. (15) 
Jo 

Now the proof follows in a straightforward way. □ 
2.2 Maximum principle for 

In this section we prove an a priori bound for f^. To simplify notation we define 

2 2 ^ ^ 

Proposition 1. Let fo G PF^'°°(R)nL2(M) be the initial datum in (1), define f^ as in (12) and 
let f^ be the classical solution of (13) corresponding to the initial datum /q. Then f^ verifies 

\\nt)\\L°°{R) < II/oIIl°°(IR) < II/o||l°°(IR)- 

Moreover, if fo has a sign then this sign is preserved during the evolution of f^. 
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Proof. Changing variables and taking the derivative we obtain that (13) is equivalent to 

dtrix) = -(4 + ^/^ai)r (x) + edlrix) - ea2Aj-'nx) 

-ea;K]-''' nx) - {Ai - Aj'^Jfix) - a,{Ai - A]~^')r{x) 



' , tan2(e)|tanh((x-t?)/2)P^ ' 

~' tanh2((x-r;)/2) 

r) f^r-r'^ ^rp^/^m tanh((a:-t;)/2) (l-£)tan(e) 

, O'^J l^JSeC lt^;|tanh((x-,?)/2)|^ + | tanh((x-r?)/2)h cosh^((x-^)/2'y . . 



1 + 



tan^(e)tanh^((x-q)/2) 
|tanh{(a;-»))/2)P« 



If ll/'(i)llL°°(R) = max/'(x,t) we define /^(xt) = ||/'(OIIl-'(R)- Then we have dtTixt) 
f''{t)\\L^{R) (see [13] for the details). If ||/'(t)||Loo(K) = min/'(x,t) we write f^{xt) 
-\\nt)\\L°-{R) and we get -dtfixt) = ^||/'(t)||L°o(]R). We compute 

4/-(.) = 2 /_a,arcta„ (tan(/-(.))^^^iM|_) 

1 (e - l)tan(/^(x))|tanh(??/2)|^ 



-di] 



cosh2(r//2) |tanh(r//2)|2^ +tanh2(?7/2)tan2(/^(x))' 

|tanh(r//2)|-^ (e - 1) cot(/^(x)) 



cosh2(r//2) cot2(/^(x)) +tanh2-2^(ry/2) 
By notational convenience we use the notation a = ^ — (xt) and we define 

tan(0) tan((T) cot(^) 



tanh2-2^(r?/2) + tan2(6') tan2(a) + tanh2-2^(r//2) tanh2-2^(77/2) + cot2(^) 
Evaluating (17) in xt we have 

dtfixt) = -^eainxt) + €dlnxt)-€a2A]-'nxt)-ea^A]-^'r{xt) 
-{Ai - A]-^)nxt) - a^{Ai - A]''^)f{xt) 

Using the definition of 6 and classical trigonometric identities we have 



cot(^) = tan ( ^ - 9) = tan - fix,) + 9)- '^"^^ " ^^"^^^ + 



.2 / V2 ' / 1 -tan(f - /(xj))tan(6') 

Putting together all the terms in 11'^, we obtain 

tan((j) tan2(e)[l + tan2(a)| tanh |2-2^ (2)] 



+ 



+ 



+ 



[tan2(cr) 


+ |tanh|2- 


-2^ (2)][(tan(a) + tan(0))2 + (1 - tan(a) tan(0))2| tanh |2-2^ (2)] 
2tan2(cj)tan(^)[l- |tanh|2-2^ (2)] 


[tan2((T) 


+ 1 tanh 1 2- 


-2^ (2)][(tan(a) +tan(0))2 + (1 - tan(a) tan(0))2| tanh |2-2e (2)] 
tan2 (a) tan(0) [1 + tan2 {9)\ tanh |2-2^ (2) ] 


[tan2(e) 


+ tanh 2- 


^2^ (2)][(tan(a) + tan(0))2 + (1 - tan(a) tan(0))2| tanh |2-2^ (2)] 
2tan(a)tan2(0)[l - |tanh|2-2^ (2)] 



[tan2(e) + I tanh |2-2e (2)] [(tan(a) + tan(e))2 + (1 - tan{a) tan(0))2| tanh |2-2e (2)] 

(tan((T) + tan(^)) t&n{a) tan(^) 



+ 



(tan(a) + tan(0))2 + (1 - tan(cj) tan(0))2| tanh |2-2^ (2) ' 
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Assuming that < f''{xt) = max^^ /^(x), then < tan(0), tan((T) and we obtain 11^ > and 
dtf^i^t) ^ 0. In the case f''{xt) = niin^; /^(a;) < 0, we have > tan(0), tan((T) and we get H'^ < 
and dtf'ixt) > 0. Integrating this in time, we get 

\\r{i)\\L°°{R) < II/oIIl°°(R) < II/o||l°°(IR), 

where in the last step we use the definition (12). In order to prove that the initial sign propagates 
we observe that if /o is positive (respectively negative) the same remains valid for /q. Assume 
now that fo > and suppose that the line y = is reached (if this line is not reached at any 
time t we are done). We write f^{xt) = min^: /^(x, t) = 0. We have tan(0) < 0, cr = 7r/2 and 
we get n*^ < and dtf^{xt) > 0. If /o < we denote f^ixt) = maxx f^{x,t) = 0. We have 
tan{9) > and 11"^ > 0. Integrating in time we conclude the result. □ 



2.3 Maximum principle for d^f^ 

In this section we prove an a priori bound for dxf^- We define 

^''^^^ = tanh^y ) ' ^'^^^ = ^^'^ ''"''^ 

where 6 and 9 are defined in (16) and xt is a critical point for dxf^{x). We will use some bounds 
for fii and, for the reader's convenience, we collect them in the following lemma: 

Lemma 2. Let /o be an initial datum that fulfills (4), (5) and (6) (or (8)), and let be the 
solution with initial datum /q defined in (12). Then for fii the following inequalities hold 

1. If \xt — r]\ > 1, due to (5), we have 

tan(||r(t)||z.^) tan(||/o|U^) 
- tanh (i) - tanh (i) < < ^^^^ 

2. If \xt — rj\ <1, we get 

|w(t)| < C (||/o||ioo(K) + l) \\d.f\t)\\L^,^y (19) 



3. If \xt — rj\ < 1 and xt is the point where dxf^ reaches its maximum, 



\2 



f^iit) - dxfixt) < -^^-Stt {\d.f{xt)\ + 5\dxnxt)\') . (20) 
48 tanh (^j 

4- If \xt - ??| < 1 and fii{t) - Oxfixt) > 
< f4{t) - {dxf\xt)f 

fx. -77)2 / tan(^^;(^ 

^ ^ '"^'^^"^'^^ i"^'^^"^' ^ tanh(i) ^ I • ^''^ 

Proof. To prove this lemma we use the following splitting 

tan(6l) tan(6l) - 9 



+ 



tanh((xt — r/)/2) tanh((xt — r/)/2) tanh((xt — Ty)/2) ' 
Taylor's theorem and the appropriate bounds using Proposition 1. □ 
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First, we assume dxf^{xt) = maxx dx {x , t) . Notice that we can take < e < 1/10 small 
enough to ensure that f^{x,0) defined in (12) also fulfihs the hypotheses (4), (5) and (6). From 
(17), taking one derivative and using Lemma 1, we get 

dtdxrixt) = -^dxnxt)-^eaidxnxt) + edlnxt)-ea2k]-'nxt) 

-ea^Aj-'Tixt) - a^Ai - K]'^')ri.xt) - (A, - A^^)r (x*) (22) 

+P.V. / Xidry + P.V. / Xsdr? + P.V. / Z^di^ (23) 
7r jm 

where Xi is the integral corresponding to , X2 is the integral corresponding to HI and 

^ ^ ^^p^ f I tanh(7?/2)|-a..g (1 - I tanh(r?/2)p-/xf (t)) dr? 
' ■ smh^(W2)cos2(^)(l + i^^qgigH^ 

_py/" |tanh(7?/2)|--a.g"dr? 

• • k eosh^(,/2) cos^(^-) (1 + '-ZIT^:^:"'^ ) 
^^py /• A^i(t)|tanh((x,-r?)/2)|-3^2a.gd77 ^^g) 

■ ■ cosh^((x, - ,)/2) cos2(0-) (1 + "i^S^g^S/^l/^^l ^ 



We have 
where 



Xi = Pi + eP 



2 



(|tanh((x,-r?)/2)|3^-l)Pl ^ (| tanh((x, - 7?)/2)r - 1) Pf 
1 — ~, + ^ r9 

T2/-fl>|| /-^_„-i /9M2e \ ^ tar.ar-flM +.,„>,/- (-™_„W9M2e \ ^ 



tan2(e)| tanh((x-??)/2)pg \ ^ . tan2(6>)| tanh((a-??)/2)p 

tanh2((x-»7)/2) / V tanh^ ({a;-»;)/2) 



Pl + P2 

\ , tan2(6>)|ta.nh((x->?)/2)P^ ^ ^ 
~' tanh^{(x-r;)/2) 



with 



and 



pi ^ -(gxr(xf))Vi Ml dxf'{xt)fij 



cos2(6l)tanh^((xt - 7/)/2) cosh^((xt - 7?)/2) sinh^((xt - 77)/2) cos2(i9) 



^2 _ /^i - dxP{xt) dxf^{xt)fij {dxf''{xt)fiJLi 



sinh2((xt -7/)/2) cosh^{{xt - ri)/2) cos^{e) 
The second term is given by 

|tanh((x,-r?)/2)|3^pi | tanh((xf - 7?)/2)|-Pi 
" 2 + ^ -TT:^— 77— 7^^772' (28) 



2 _|_ '■a.ii-l.iy;! uaiiim^u;-//;/^;!-- j 2(1 + 

where 



tan2(e)| tanh((3:-t;)/2)pg \ ^ ^ tan2(e)| tanh((a-t;)/2)P ': 

ta.xi\{\{x-r,)/2) / ^ H tanh^ ((a;-»;)/2) 



pi ^ ^2^-^-) '^"^"(g) cosh'{{xt-v)/2) and P^ = """"'^^^ cosh^((xt-r?) /2) 

sinh^((xf — ry)/2) ' sinh^((xt — ?7)/2) 



We compute 

X2 = Vli + eQ.2-, 
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with 

(|tanh((xt-r?)/2)|-3^-l)j]} (| tanh((xj - r/)/2)|-^ - 1) 



-I , tan^(e)tanh^((xt-r?)/2) ^^ , tan2(6>) tanh^((zt-i7)/2) ^ ^ 

|tanh{(a;t-»,)/2)P'= ) I tanh((xt-»?)/2)P^ 



+ 9, 29 

tan2(6>)tanh^((zt-t;)/2) y 
^+ |tanh((xt-»7)/2)pe ) 



where 



cosh {{xt — rj)/2) cosh ((xt — r])/2) 

- (xi))V2(t) tanh2((x, - 7?)/2) sec^^ tan^C^)/.^!*) 



cosh'^((xt — r/)/2) ' 

and 



o2 ^2:^ V-^ty ^"^^ ^'^y ^2^7 , /o ^e/ \n2 /.\ 2/a\ 

^1 = r277 777:^ ^ [dxf [Xt)) tJ-2it) sec^e). 



d, nxt)sec^{e)-fi2 {t) 
cosh^((xt — rj)/2) 

The second term is given by 



ItanilUXj -r/j/2j| 2cosh^{(xt-r,)/2) + 2cosh4{(xt-r,)/2) 

"2 = 1 9 

tan^ (6)) tanh^ ( {xt -rj) /2) ^ ^ 

|tanh({xt-r,)/2)P^ i 



^ I * "'^^ \2cosh'({xt-v)/2) 2cosh%{xt-v)/2)ts.nh{{xt-rj)/2) J 

f-y I tan2(e)tanh^((xt->7)/2) ^^ 
1,^+ |tanh((xt-r,)/2)P^ ^ 

We need to obtain the local decay ||(?x/'^(i)||L°°(R) ^ II'9x/'^(0)||loo(ir) for < t < t*. Assuming 
the classical solvability for (13) with an initial datum /o fulfilling the hypotheses (4), (5) and 
(6) we have that f^{x,5) also fulfills (4), (5) and (6) if < 5 << 1 is small enough. Recall that 
dxf^ixs) = ||9x./'^((5)||2,oo(K) and dxO > 0. The linear terms in (22) have the appropriate sign 
and they will be used to control the the positive contributions of the nonlinear terms. We need 
to prove that dtdxf^ixs) < 0. For the sake of simplicity, we split the proof of this inequality in 
different lemmas. 

Lemma 3. If a2 > 2sec^(||/o||ioo(]g)), we have 

Is < ectan^ (||/o||l°°(m)) sec^ (II/o||l°°(ir)) dxfixs) 
Proof. Using the linear term A^^"*^ to control (24), we have 

A, = .p,v. / lt"MW2)l'a,<'(i-|ta,.hW2)p.,|w)d, _ 

■/»sinh^h/2)co.n0)(l + -"'~-'l'- ) 2 

I tanh(7?/2)|^a^0 ( ^ ^ -^\dr] 

sinh2(?7/2) 

, I tanh(r?/2)|-9.g| tanh(r?/2)p-^f (^)dr? ^ ^ 
sinh^(,/2)cos^(.)(l + ^^~MH)Pl)^ 



eP.V. 
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if 02/2 > sec2(||/o||Loo(]R)). Due to d^f^xs) = ||5^/'((^)||l°o(k), we have d^B > 0. Then, the 
term (25) is 



tanh{ri/2)\-^dr,9dri 

COsh^(r?/2) COSm (1 + |tanh(,/2)P- 



A2 eP.V. / „ _ , tan2(e)tanh"(»?/2)r ^ ^' 



I 

The term (26) is 

Mi ((5) I tanh((x5 - ii)/2)\-^'2dJd7] 



A3 = eP.V. 



cosh^((x, - ,)/2)cos^(^-) (1 + 

< ectan^ (||/o||l->{m)) sec^ (II/o||l°°{r)) dxTixs). 

□ 

This kind of terms wih be absorbed by ai. We have to deal with X\. We start with the term 
corresponding to T\ in (28). We write 

2.inh'((., - „)/2) (1 + ' 
Lemma 4. //a2 > 2sec^(||/o||Loo(]K)), we /ja?;e 



Ai < cedxf{xs) (sec (||/o||l-'(R)) + l) + ce9x/(2;5) — . 



Proof. We split 



, , tanh((x, - ,)/2)|- - a./-(x,) + .....(g/!;)^,) + mft); ^ 
= er.y. I K clr] 

/'l _L tan2(e)|tanh((a:,-r?)/2)p ^'^^ 
tanh^{(xi-r?)/2) 



2sinh2((x,-r/)/2) 1 + ^ 



+ .P.V. / |tanh((..-,)/2)na.m) -..(.)) 

tanh2((a:«-»?)/2) 



2sinh^((x5-r/)/2) 1 + 



Since < 5 << 1 is small enough to ensure that the hypotheses (4), (5) and (6) hold at time (5, 
we have that, if |?7| > 1, 

I ^ tan(||/^((5)|Uoo(K)) 

< ,,,h(i/2) < 

The term Bi is not singular and can be bounded using (19) and (31): 



\B,\ < eP.V. ( / + / 1 ^^/^(^^)tan^(^) + lmW|tanh^(W2) ^^ 

~ Ib{o,i) Jb'^{o,i)J 2sinh^(r//2) 

< cedxfixs) (sec (||/o||l«=(r)) + l) ■ 

We compute 

„ f Itanh(„/2)|. (9,/.fa) - gglgL _ + | _ ^) 
^2 = eP.V. / ^ ; — ^ -dr] = Ci + C2, 

J" 2.nh'h/2)(i+ -'s;;;r"" 
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with 



tanh(,/2)K-i^--^ + M 



C, = eP.V.{l +/ ) ""^^^/^^ '^""'^'^'^ ;^ d, = D, + D 

5(0,1) Jb-{0,1)J 2 Smh^{r]/2) ( 1 + tan2(e)| tanh(>;/2)l2^ ^ 



. |tanh(r//2)|Ma,r(x5) 

Cs = eP.V. / : ^ '^^drj. 

Jr 



tani?(?7/2) 

and 

_v_ 

Using the Mean Value Theorem, we bound the inner term Di as 

\Di\<ced,rixs). 

Due to (31), the outer term is 

\D2\< eP.V. / . „ dTj < eca^/ (x^). 

iB=(0,i) 2smh (r//2) 

Putting all together, we obtain 

\Ci\< ecd,f{xs). 
Then, using the diffusion given by A^^"*^ to control C2, we get 

a2 , r |tanh(r,/2)Ka,r(x5)-f) 
C2 - e—A}-'d^r{xs) = eP.V. / ^ ^-^ ^dr/ 



2sinh^(r//2) 1 + ^ 



tanh''(r;/2) 



02 



{d^n^s) - ^^^^^tgpzl) |tanh(ry/2)r 



I (1 - e)PV / ^ ■ ' dr^ 



sinh^ (J) 



{d.n^s) - ^^^^^^) I tanh(ry/2)r 
sinh^ (2) 



+P.V. / ^ _,__.2 ;a> dr? + 4a,r(x5) 



Due to \rj/ sinh(r/)| < 1 and < e < 1/10, some terms have the appropriate sign: 



02 / / [d^n^s) - I tanh(W2)r , 

I (1 - 6)PV / ^ > dr? + 4a.r ) > 0, 
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thus we can neglect their contribution. Furthermore, we have 



C2-e^Aj-^d,rixs) < eP.V. 



tanh(r?/2)|^(a,r(x5)-f 



2sinh2(r//2) (1 + 



tan^(6>)|tanh(?7/2)p^ 
tanh^(»)/2) 



2 



29 , 29 
V V 



tS%))|tanh(r?/2)r 



< eP.V. 
/ 



sinh^ (2) 
tanh(r?/2)^ (d^rixs) - f 



sinh^(7?/2) 



1 



r, I -I , tan2(e)|tanh(t;/2)P^ 
^ ' ^ tanh2(r,/2) 



Q!2 
2 " I2 



26* 20 \ 



sinh^ (2) 

Taking 02/2 > 1 and using the Mean Value Theorem, we get 

C2 - e^A^-^d^nxs) < e^d,nxs)c. 

Combining these terms we conclude this result. 
The term corresponding to r2 in (28) is 

tanh(7?/2)|3^^2(^) I^MIOe^ 



drj. 



□ 



An = eP.V. 



+ 



-_M5) 



cos'^9) ^ cosh2(r)/2) 



tan^(6')| tanh(??/2)P 
tanh^(»7/2) 



2sinh2(r//2) (^1 + 
Lemma 5. If > 1, iwe /lave 

A5 < ced.j,f{x5) (sec (||/o||l°o{r)) + l) + ceaj,/(x5)a3. 
Proof. The proof follows the same ideas as in Lemma 4. 



□ 



We are done with thus, using the previous bound for Fg, we are done with F2 in (28). 
The terms in Fi are not multiplied by e and we have to obtain this decay from the integral. We 
write 

(|tanh(??/2)|^ - l)Ff 



= P.V. 



1 tan^(6')| tanh(r?/2)p'' 
tanh2(r7/2) 



Lemma 6. We have 
Proof. We have 
with 

55 = P.V. 



Aq < cedxf{x5) (sec^ (||/o||l°°{r)) + l) 
Aq = + B<^ + B7, 



B{o,e) JB-{o,e)nB{o,i) •/^'^(o,!)/ cosh2(ry/2) (^1 + 



(|tanh(r?/2)r-l) {-d,f^{xs)fil{d)) 



tan2(6>)|tanh(??/2)p 
tanh^{»7/2) 
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Be = P.V. / + / + / 



i?(o,e) Ji3'=(o,£)ns(o,i) Jb-{o,i)J cos2(i9)(^1 + 



tan2(6»)| tanh{»y/2)|2* 




tanh"'{»7/2) 

and 

g ^py r (I tanh(,|/2)|- - 1) (yi(^) - 

■ .mh'to/2)(i+ '"'s;;;;r"" )' 

The term is not singular and can be bounded using (14) and (15) as follows: 
l^sl < Aed,,r{xs) + ej I log (I tanh(r//2)|) \d^nxs)d'n 

iB<={o,i) cosh (?7/2) 

We can bound B^ in the same way, 

\Bq\ < 4esec^ (||/o||loo(k)) ^^./'(a;^) + esec^ (||/o||loo(k)) / | log (| tanh(7?/2)|) |9^/'(x5)(i?? 

< cesec^ (||/o||l=°{m)) dxTixs). 

We split the term Bj as follows 

^ ^ (I tanh(,/2)|- - 1) (ag^ + ^ - f + f - dj^i^s)) ^ 
Bj = P.V. / ^ ; '-dr] = C5 + Ce, 

^« sinh2(r?/2) ( 1 + tan^W|tanh(V2)P- ^ 



tanh"^{»?/2) 

where 



tanh(,/2)r-l) + 



^ I ; , ; 1 ^tanh(»;/2) ^ tanh{?y/2) / i ^ a t^l \ 



B(o,.) 7b.(o,.); sinh^(W2) + 



and 

. (l-|tanh(r?/2)n(5,r(x5)-f 
Ce = P.V. / ^ ^dr?. 

^^sinh^(,/2)(l + --S(y 

To bound Cg we need to use the diffusion coming from A/ — A^^"*^. Notice that, according to 
Lemma 1, we have 

, , , 5.</.(x)-^g(^)(l-|tanh((x-7?)/2)n 
(A, - A^-) a.0(x) = (1 - e)PV /_ ^ ^ sinh^(^) 

xH^y J sinh(z— r;) 

sinh^ (^) 



a 



, 'x.<A(x)-S^^)(l-|t--M(x-^)/2)|^) 
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and, when evaluating in the point where dx4>ix) reaches its maximum, the first two terms are 
positive and they can be neglected. We get 



Ce- {Ai-Al-')dxnxs) <P.y. [ 

JR 



(l-|taiih(>,/2)|')(8./'(i-i)-f 



< PV 



d.nxs)-f) (l-|tanh(7?/2)r) 



2 J 



, tan2(e)|tanh(??/2)pA ^ 



dry 



21 _ rixs)-r-{ri) 

Tj tanh(r;) 



(1 - |tanh(7//2)|^) 
Jr smh^ (^) 

where in the last step we have used the previous splitting in B{0,e) and M — i?(0,e), (14) and 
(15). This concludes the result. □ 

Now that we have finished with Tf, the term with T\ is 

f (|tanh(r?/2)|3^ -l)r| 

Jr f, , tan2(e)|tanh(V2)p^ y 

V ~^ tanh2{,,/2) ; 

We have 

Lemma 7. If > sec^ (||/o||l°°(r)) ; have 

Aj < ce (sec (||/o||l<-(r)) + '^Y dr.fixs) + aAcedxf{xs). 
Proof. The proof is similar to the proof of Lemma 6 □ 
In order to finish bounding Fi in (27), we have to bound the term 

As = P.V. / ^i+^^i .dr?. 

(^ , tan2(e)|tanh(V2)pA ^ 

V tanh2{»7/2) / 

This term, akin to the singular term in [i. ], is bounded using the hypotheses (4) and (5). 
Lemma 8. Using (4), (5) and (6), we obtain 



{d,r{xs) + 5id,f%xs)f) ( 1 + d,f%xs) ( dxf^xs) + 
As < 



tanh(i) 



6tanh(l/2)cos2(||/^(<5)||i^(M)) 
Proof. Using classical trigonometric identities we can write 

smh (r//2j 

^ fil{6) {dxnxs)fsecHe)fii{S) A^i(<5)tan2(g) 
sinh^(7?/2) tanh^(r//2) sinh^(77/2) ' 
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^1 = ■ , 2/ /ox — + (^^/ (^5)) W(^)sec (6') + 



sinh2(??/2) ' ' ' " ^ ' ^ ' sinh2(r//2)' 

and 

= -Bll + ^12- 

Therefore, as in [13], the sign of is the same as the sign of 

The roots of Qi are dxf{xs) and —l/dxf{xs), so, if we have 

|;.,(<^)|<min{||a.mi|,.,^^^ 
then we can ensure that this contribution is negative. Since (31), we get 

„ f sec2(g) {dxnxs)fii{s) + ^i(j)(i - {d^nxsm - d^nxs))) ^ 

Bi2 = P.V. / ^ K -d-q < 0. 

^^^(0,1) sinh2(,/2) (l + 

Using the cancehation when = dxfixg), we obtain 

Bu = P.V. / _dr,, (32) 

^^(0.1) cos^(^)sinh^(,/2) (l + ^^^qSSSif^) 

where 

qi(mi(<5)) = 5,/^(x5)(m?(5) - (dxrixs)?) + (1 - (a,r(x5))2)(^i(<^) - dxrixs)). 

We remark that /ui(5) — dxf^{xs) < /^i((^) + dxf^ixs). We consider the cases given by the sign 
and the size of fJ.i{6). 

1. Case ^i{5) > dxf{xs): In this case, we have /xi(5) — ^^./(x^) > Q and ^i{5) + dxf{xs) > 0. 
Using the definition of 6 in (16) and the fact that \r]\ < 1, we have (20) (see Lemma 2). Notice 
that, in this case, we have /xf(5) — {dxf{xs))'^ > and we get (21). Due to (20) and (21) we 
obtain 



{dxPixs) + 5idxnxs)f) ( 1 + dxPixs) ( dxPixs) + 
Bii < 



tanh(i) 



48tanh(l/2)cos2(||/^(5)||i^(M)) ^(o,i) sinh^ (2) 



if'd'q 



(dxrixs) + 5idxnxs)f) 1 + dxrixs) dxrixs) + 



tanh(i) 



- 6tanh(l/2)cos2(||/^(5)||io.(K)) ' ^^^^ 



£ Case —dxf^ixs) < fJ-i^S) < dxf^ixs) > 0: In this case we have /Ui(5) — dxf^ixg) < and 
IJ-i{6) + dxf^{xs) > 0. Therefore, we get Bu < and we can neglect it. 
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3. Case iJ-i{6) < —dxf^ixs): We remark that in this case we have fJ,i{S) — dxf^ixg) < and 
pii{S)+dxr{xs)<0. Wespht 

The last term is now positive due to the definition of Oxf^i^xs)- Then, in this case, we have 
dxnxs){fii{S) - dxfixs)) + axfixt)) < 0, 

yxt-v ) 

and we can neglect its contribution. Using Taylor's theorem in (34) we obtain the bound (21) 
and (33). □ 

We are done with X\ in (23) and now we move on to X^- These terms are easier because the 
integrals are not singular. With the same ideas as before we can bound the term involving 

Lemma 9. The contribution of is bounded by 



< ecsec'' (||/o||l°°(r)) dxfixs). 



Proof. The proof is straightforward. □ 
We are left with Qi in (29). First, we consider 



[ ^i±ia 

jjg j ]^ _j_ tan'* 



T^dn. 

^t-v)/2) Y 

tanh{(xt-?y)/2)pE J 

Lemma 10. The term Ag is bounded as 

\Ag\ < 4sec2 (||/o|U-(R)) (tan (||r (5)|U.o(k)) + dxfixs)) 
Proof. Using classical trigonometric identities, we compute 

dxf%xs)filiS) + iidxfHxs))^ - 1) f^2i6) + Oxfixs) 

.^(r./0^nr..2^n^ (. , tan^W tanh^((x,-r,)/2) \ ^ 



cosh (r//2) COs2(e) ( 1 + |tanh((x.-r,)/2)P^ ) 

< 4sec2 (||/o||l-(m)) (tan (Hf (5)||ioo(K)) + dxfixs)) . (35) 



□ 



We have to bound the terms containing ^}\. These terms are 

^ f (|tanhW2)|-3.-l)ni ^ I (|UnhW2)|-.-l)»; 

^ tan2(e)tanh2(r;/2) y ^ , tan2(e) tanh2(r,/2) > ^ 



|tanh(r)/2)pE j ^ | tanh(»7/2) P<= 

To obtain the decay with e we split the integral in the regions .6(0, e) and -B'^(0, e) as before. 
Lemma 11. The terms Aiq and An are bounded by 

\Aio\ + l^iil < cdxfixs) sec^ (||/o||l-(r)) (l + tan (||/o||loo(r))) (e^A" + e) 
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Proof. Using this splitting, < e < 1/10, (14), (15) and (5), we get 

^10 < cd^rixs) sec^ (||/o||l-{R)) (l + tan (||/o||l-(m))) (^^ | tanh(!^/2)|3/io + ^ 
With the same ideas and using (4), we have 

An < cd^rixs) sec^ (||/o||l-{r)) (l + tan (||/o||l-(m))) (^^ | tanh(l^/2)| Vio + ^ 
In order to estimate the decay with e of these integrals we compute 

1 1 , r / . , 0,7/10 



dr]+ / , , ' .^^ < e + 2e' 



|tanh(7?/2)|3/io |ry/2|3/io ' |ry/2|3/io 

and 

1 1 , r dry 



|tanh(7?/2)|/io |,y/2|i/io ' |r//2|Vio 



□ 



We have the following result concerning the evolution of the slope: 

Proposition 2. Let fo G W^''^{M) n L^(M) be the initial datum in (1) satisfying (4), (5) and 
(6), define /q as in (12) and let f^ he the classical solution of (13) corresponding to the initial 
datum /q. Then f^ verifies 

\\dxf''{t)\\L°°(M:) < I|9x/oIIl°°(R) < ||c^a;/o||L°°(K) < 1- 

Proof. For the sake of simplicity we split the proof in different steps. 

Step 1 (local decay): Combining Bn in (32) and Ag in Lemma 10, and using the bounds 
(33) and (35) and the hypothesis (6) we obtain 

Bn + \Ag\ <0. 

We take = 2sec^ (II/o||l°°(r)) ) as = 2, 02 = 3 (l + sec^ (II/o||l°°(r))) ■ Since we have a term 
^/e and < e < 1/10, we can compare the bounds in Lemmas 3- 11 with —^/eal^xf^{xs) if 
«i = «i (||/o||l°°(r)) is chosen big enough. The universal constant c in all these bounds can be 
c = 1000. We have shown that for every < 6 « 1 small enough, there is local in time decay. 
As 5 is positive and arbitrary, we have 

\\dxr{t)\\L^ < wd^rmu^, for o < t < t*. 

Step 2 (from local decay to an uniform bound): Then, in the worst case, we have 

\\dxf^it*)\\L°^(R) = \\dxfQ\\L°°{R) and ||/^(i*)||L°o(R) < ll/o ||l°°(r)- 

These inequalities ensure that the hypotheses (4), (5) and (6) hold at time t = t* and ||52:/^(t)||ioo(]g 
decays again. 

Step 3 (the case where f^{xt) = miiix dxf'ixjt)): This case follows the same ideas, and 
we conclude, thus, the result. □ 

Proposition 3. Let /o G W^'°°{M.) H L'^{W) be the initial datum in (1) satisfying (8) and define 
/q as in (12). Let f^ be the classical solution of (13) corresponding to the initial datum /q. 
Then, verifies 

ii9xr(t)iUoo(K) < 1 vt>o. 

Proof. The region delimited by {x{l),y{l)) is below the region with maximum principle (see [13]). 
Then, in the worst case, at some t* > we have that (||/'^(t)||L°°(R); \\9xf'^{t)\\L°°{R)) fulfills the 
hypotheses (4), (5) and (6). Prom them the result follows. □ 
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3 Global existence for 

In this section we obtain 'a priori' estimates in H'^(M.) that ensure the global existence for 
the regularized systems (13) for initial data satisfying hypotheses (4), (5) and (6) or (8). First, 
notice that if the initial datum satisfies hypotheses (4), (5) and (6), by Propositions 1 and 2, the 
solution satisfies 

\\nt)\\L^ < ||/o||l-{m) and Wd^rmL^iR) < l- (36) 

If the initial datum satisfies (8), by Propositions 1 and 3, the solution to the regularized system 
again satisfies the bounds (36). Then we have the following Proposition: 

Proposition 4. Let /o G W^'°°{R) n L^(M) be the initial datum in (1) satisfying (4), (5) and 
(6) or (8) and define /q as in (12). Then for every e > and T > there exists a solution 
nx,t)eC{[0,T],H^{R)). 

Proof. We have to bound the norm of the function and its third derivative. We split the 
proof in different steps. 

Step 1 (the function): We have 

—wmfmR) = - 6iia.r(t)iii.(j,) -h+h+h 

Using Lemma 1 we get 
Ii = a2e I f%x)K]-'f%x)dx + a^e [ f%x)K]-'''nx)dx 

JR JR 

+ [ f%x) {Ai - Aj-') r{x)dx + aj r{x) [Ai - A]"^') r{x)dx > 

JR JR 

and we obtain that the contribution of the linear terms is negative. The nonlinear term H| 
defined in (9) is 



/ P.V. / 

JR Jr 1 



r(.)a.r(x)sec2(^)^^^ 



drjdx 



+ ^2(i)|tanh(r//2)|2^ 

f%x) d.f^{x-^)...\e)\^^ /^ 
l + ^f(t)|tanh(r//2)| 



+ / P.V. / — -^=^dr?dx = Ai + A2. 



Using the cancellation coming from the principal value we have 

tanh(r?/2)|^ / sec2(6') 
tanh(r//2) Vl + fij{t)\tanh{r]/2)\'^ 



f^{x)d.f%x)VN. I hzZT^ ( -^^J77J±6;j^ - 1 ) dvd. 



-taii^(6>) 

r(x)d r(x)FV [ ^^^^^ dndx 

/ (xjd./ (xjP.V.y^ tanh(W2) 1 + ^?(t)| tanh(W2)|2e ^^^^ 

+ / r{x)d r(x)FY ntanh(,/2)|>f(0(l-|tanh(,/2)P^) 

+ JJ {xW ^"^^•^•A tanh(W2) l + ;.f(i)|tanh(ry/2)|2^ ^^^^ 

Inserting (19) and (18) in the expression for Ai we obtain 

l^il < c(e)||r(t)||^2(M)||5,r(t)||L2(M) (tan (||/o||ioo(K)) + l)' . 
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The second term in I2 is 



-tan^(6>) 

PV / f{x)d fix „ Jtanh(r?/2)|- ^^^^^) 

V ^ ^^anh(W2) l + ^f(t)|tanh(^/2)P '^^^^ 

7r tanh(??/2) 

Using the Cauchy-Schwarz inequahty, the equahty dxf^{x — 1]) = —drif''{x — rj) and integrating 
by parts we get 

\A2\ < c(6)||r(t)||i2(M)||9,r(t)||L2(R) (tan (||/o|U^(m)) + l)' + cie)\\ f 
To finish with the norm we have to deal with 13. We have 

Jm. Jm. 1 + T — '^2} I 

,2 (-m tanh(r;/2) 



tanh{?y/2)P 



1 + T 



L2( 



where is defined in (16). Using the same ideas as in I2 and 

\fi2{t)\ < tan(||/o||L°°) , 

we conclude the bound 

I/3I < c(6)||r(t)||i2(K)||a,r(t)k2(K) (tan (||/o||l-(k)) + 1)' + c(e)||/ 
Putting all these bounds together we get 

j^\\rmhiR)<c{e)\\rit)hH^)mHm^^^ (37) 

Step 2 (the third derivative): To study the norm of the third derivative, we compute 

Ij^Wd'rmhi^) = -^/^«lll5.^r(^)lli2(I,) -6||5^r(t)iii.(^) -14+15+/6. 

The term /4 is positive due to Lemma 1: 

h = a2e [ dlnx)K]-'dlnx)dx + a^e [ dlnx)K]-^'dlnx)dx 
Jr jr 

/ dlnx) [Ki - A]-') dlnx)dx + aj dlnx) (A; - dlnx)dx > 0. 

JR JR 

The nonlinear terms related to 6 are 

■ I L(o,i) A=(o,i) h + f^lit)\ tanh(r//2)|2^ 



dx = As + Aa. 
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The term ^3 is not singular if e > and can be bounded using Holder and Nirenberg interpolation 
inequalities. For the sake of brevity, we write some terms detailedly, being the rest analogous 
to them. We have 

A3 = Bi + B2 + lower order terms . 



Using 



we obtain 



fix) - fix -v) = V t dlnx + {s- l)r,)ds, 
Jo 



+ ^2(^)1 tanh(r?/2)|2^^^ 



= / dir{x)V.Y. / ^ ' ' • drjdx 

Jk. Jb{o,i) (1 

r r /" 5V'(^)P V f ^^'^'^"^ ^^'^^^-^'^'^ + " ^)ri)dxev^dvdxdrds 

Jo Jo Jr 



■ -^(0,1) (i + ^2(^^|tanh(r?/2)P^)^os6(^)^gg^cot2(e) 

< ||a^r(i)||L2||52r(t)||i4«)Csec6(||/o|Uoc(K)) / \ts.nh{r,/2)\''-'r,Ha.n\r,/2)dr,. 

The second term is 

r r 4(a,g)=^sec6(g) if"';;iy?r 

Jr Jb{o,i) (l + /x2(t)|tanh(r//2)|2^)^ 

C C I d'fHx)VY [ ^'/^(^ + - ^)r})dln^ + (r - l)ii)dMdildxdrds 
Jo Jo Jr^ ■ -Jnio,!) (1 + Mf (^)l tanh(r7/2)|2e)^os6(g) 

< ||9^r(i)llL2||5^r(*)lli4(M)Csec6(||/o|Uoo(M)) / |tanh(7?/2)|3-3^2^^^ 

JB(0,1) 

and using the classical interpolation inequality 

II^s/IIl4(]K) < c||(?a;/||ioo(]K)||5^/||i2(K), 

we get 

|^3|<c(e)||5^r(i)||L2(M)||rWlk3(M) (l + Sec(||/o|Uoc(M)))'. 

We split the term A4 as follows 

'~Jr'^^ ' Jscio,!) tanh(r;/2) 1,1 + tanh(r,/2)P^ 1 + (t) ^^''^ 

Jr ^ ' Jbho,i) l + /xf(0|tanh(r?/2)|2^ 

+ / 5^/^(x)52p.V. / 2a.gsec2(g) 1 = 53 + 5^ + ijg. 

Jr ^ ' Jbc{o,i) tanh(r7/2) l + /xf(t) 

These terms are not singular because of the domain of integration. We have to deal with the 
integr ability at infinity in rj. We compute 

Bs = f d^rix)d^P V / ^d^O^--'i(>) Mf(t)(l-|tanh(,/2)|2-) 

' 7m ^(0,1) tanh(r?/2) (l + /.2(t)| tanh(r?/2)|2e) (l + 
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drjdx. 



The integrability at infinity is obtained using (14) and (15). We only bound the more singular 
terms in and B^. The most singular term in B^ is 

r = f a^r(r)PV f 2aggsec^(g) ^f(t) (l - |tanh(r?/2)p-) 
' Jr^^^ ' ' 'Jbhoa) tanh(r,/2) {l + f,lit)\te.nHr^/2)\^^) {l + f^Ht)) 

Using (14), (15) and (18), we obtain 

<c||a^r(t)||i2(M)||r(OllH3(M)tan(||/o||L^)sec2(||/o|U^). 

Analogously, the more singular term in i?4 is 

7k Jb-{o,i) 1 + /if(t)|tanh(7?/2)|^^ 

Using the same bounds as in Ci, we get 

IC2I < c\\dtrmLHR)\\nmHHR) sec^ (h/oHl^) . 

Using classical trigonometric identities, we obtain 

2dx0 sinh(r/) 



B5= [ dtnx)dlF.V. [ 
And the most singular term in B^ is 



(0^1) cosh(T/) — cos(20) 



dr]. 



— dTi 

(0,i)2smh^(,/2) fl + -f^; 



- / dxf (a;)P.V. / — TT^dr] = Di + D2. 

Jr Jb'^{o,i) cosh(r?) - cos(26') 

Using the cancellation of the principal value integral we obtain 

oi = - / a?/'(.)a.V<(.)Rv. / sin'(0)si..h(,,) 

i. V(0..)2smh-(,/2)(l + -f^) 

thus, 

\Di\<c\\dtnmLHR)\\rmHHR)- 

Integrating by parts in D2, we obtain the required decay at infinity and we conclude 



D2\<c\\dtnt)U2m\\f' 



Putting all together, we get 

I/5I <c(e)||a^r(^)|U2(K)||r(^)||^3(K)(l + sec(||/o||L-))^ 
The nonlinear terms related to 9 are 



22 



We observe that, due to 1/10 > e > and ||/o||l°°(r) < this integral is not singular. Thus 
the inner part ^5 can be bounded following the same ideas as for ^3. The integrability at 
infinity is obtained with the following splitting 

A - - [ rMB^v V [ ( 2gxgsec^(g)tanh(r?/2) _ 29.g sec^(g) tanh(7?/2) \ 

JvL Jb-{o,i) l + ^2(0|tanh(?7/2)| 

f \^2^^r f 2a,Jsec2(g)tanh(7?/2) ^ ^ r^r^r 
- / a^/ (xjS^P.V. / — — 277^ dr]dx = Bq + Bt + B^. 



The term Bs, is 



Jb'={o,i) cosh(7/) + cos(26') 



3^0 sinh(r/) 



^^(0,i)2sinh2(,/2) (1 + -^) 

and it can be handled as B^. The terms Bq and Bj have a term | tanh(?7/2)|'^'^ — 1| and they can 
be bounded following the steps in B^ and i?4 by using (14) and (15). Putting all the estimates 
together we obtain 

|/6| <c(6)||a^r(t)||i2(R)||r(t)||^3(M)(l + Sec(||/o||L-))^ 

Using (37), Young's inequality and the dissipation given by the Laplacian we get the 'a priori' 
estimate 

|iir(t)ii?,3(K) < c(6)iir(t)ii^3(M)C (ii/o||l-(m)) . (ss) 

The existence follows from the 'a priori' estimate (38) by classical energy methods (see [2 1]). □ 

4 Convergence of 

In this section we study the limit of /"^ as e — )• 0. 

Lemma 12. The regularized solutions corresponding to an initial datum satisfying the hy- 
potheses (4), (5) and (6), or (8), converge (up to a subsequence) weakly-* to f ^ L°°([0,T], 1^^'°° 
Moreover, up to a subsequence, f^^fin L°°[K) for all compact set C M x M^. 

Proof. First, notice that, due to Propositions 1, 2 and 3 and hypotheses (4), (5) and (6), the 
regularized solutions satisfy 

vr 

II/^(*)IIl°°(IR) < II/o||l°°(IR) < ^, II C^x/^(i) II L°°(M) < \\dxfo\\L°°(R)-, 

while, if the initial datum, instead of hypotheses (4), (5) and (6), satisfies (8) then 

iir(t)iiL-(R) < ii/o||loo(k), ii5,r(t)iiL-(R) < i- 

Due to the Banach-Alaoglu Theorem, these bounds imply that there exists a subsequence such 
that 

f'^{x,t)g{x,t)dxdt ^ / / f{x,t)g{x,t)dxdt, 
/o JR Jo JR 
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and 



dxf^{x, t)g{x, t)dxdt 



dxf{x,t)g{x,t)dxdt, 



with / G L°°([0,r], any g G L^([0,r] x M) and every T > 0. Fixing t, due to the 

uniform bound in Pt^'^'°°(M) and the Ascoh-Arzela Theorem we have that /"^(t) — )• f{t) uniformly 
on any bounded interval / C M. Moreover, for all N , we have 

11/^ - f\\L°°{B{0,N)x[0,T]) 0. 

In order to prove this uniform convergence on compact sets we use the spaces and results 
contained in [ ]. For v € L°°(B(0,N)), we define the norm 



\'"\\wr^''^(B{0,N)) 



sup 

<l,€W^'\B(0,N)),mw2,i<^ 



L 



(t){x)v{x)dx 



B{0,N) 



(39) 



We define the Banach space '°°{B{0,N)) as the completion of L°°(S(0,iV)) with respect 
to the norm (39). We have 



W''°°{B{0,N)) C L°°(S(0,iV)) C W-^'^{B{0,N)). 

The embedding L°^{B{0, N)) C W^'^''^{B{0, N)) is continuous and, due to the Ascoli-Arzela 
Theorem, the embedding W^''^{B{0, N)) C L°^{B{0,N)) is compact. We use the following 
Lemma 

Lemma 13 ([S]). Consider a sequence {um} £ C([0,T] x B{0,N)) that is uniformly bounded 
in the space L^{[0,T],W^'°^{B{0, N))). Assume further that the weak derivative dum/dt is in 
L°°{[0,T],L°°{B(0,N))) (not necessarily uniform) and is uniformly bounded in 
L°°{[0,T],W~'^'°°{B{0,N))). Finally suppose that d^Um e C([0,r] x B{Q,N)). Then there 
exists a subsequence of Um that converges strongly in L°°([0,T] x S(0, A^)). 

Due to this Lemma we only need to bound dtf" in L°°([0, T] x .6(0, A^)) (not uniformly) and 
in L°°([0,r],VFr^'°°(5(0,A^))) (uniformly). Using that E C{[Q,T\, H^{M)), the linear terms 
in (17) can be bounded easily with a bound depending on e. To bound the nonlinear terms we 
split the integral 



P.V. 



P.V. 



+P.V. 



5(0,1) 



_B<={0,1) 



and we compute 



P.V. 



tanh(??/2)|^ 



, tan2(e)|tanh(t;/2)P^ 
~' tanh^(»)/2) 



-drj 



<c(e)sec2(||/o| 



+ 



P.V. 



tanh(r?/2)|^ -^^T) + " I tanh(^/2)|2^) 



B'=(0,1) 



tanh(7//2) 



, taii2(6')[tanh(r;/2)P'! 
tanh2(r;/2) 



drj 



<c(e) (sec^dl/ol 



+ tan2(||/o| 



))) 



where we have used sec^(^) — 1 = tan^(^), (15), (18) and 



P.V. 



tanh(r//2)|' 
tanh(r//2) 



dr] = 0. 
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The second term with the kernel involving 9 is 



P.V. 



(.-i)tan(^) i ;-ff;p;/gi- 

1 + 



■drj 



ta.-nh^({x-ri)/i) 



<c(e) (tan(||/o||ioo(K)) + 1) . 



The terms with the kernel involving 9 are not singular and can be bounded following the same 
ideas 



P.V. 



'^nn'^(f)\ tanh((a-r;)/2) 
> \ tanh{(x-ri)/2)\ 



1 + 

P.V. 



taii^(6>)tanh^((a-??)/2) 



drj 



+ 



< c(e) sec^ (||/o||l°°{m)) 

|tan'h((a;-»)j/2)|2' 

tanh(,/2) -i5^ + F4OT(|t-h(W2)P^-l) 



(0,1) |tanh(r//2)|^ 



tan2(6>)tanh^((x-r?)/2) 
^ |tanh((a;-r;)/2)P^ 



< 



c(e) (sec2(||/o||Loc(ig;)) +tan2(||/o| 



and 



(!-<:) tan(e) 



pY j tanh((x->?)/2)|^ cosh^((x-»7)/2) 



1 + 



taii^(e)tanh^((a:-r;)/2) 
tanh((x-?y)/2)ps 



< c(e)tan (||/o||l°°(r)) • 



Putting together all these estimates we get 

\dtr{x,t)\ < c(e) (||/o||l2(r) +sec2(ll/o||L°°{R)) +tan2(ll/o||L 

thus we conclude with the bound in L~([0,r] x B{0,N)). 

To obtain the bound in L°°{[0,T],W~^''^{B{0,N))) we extend </> G Wq'^{B{0, N)) I 
outside of this ball of radius A^. Then, using Lemma 1, we integrate by parts and obtain 

ix)Aj'^r{x)dx= [ Al-^<|>{x)r{x)dx<\\A]-'^L^R)\\fo 



x)A]-^'f'{x)dx = I A\--'^(t){x)f{x)dx < \\A\ 



l-3e. 



4>{x) {Ai - A]-^) r{x)dx = {Ai- Aj-') <t>{x)nx)dx < \\ (A, - A^^) 



and 



/ 0(x)(A^-Ai-3^)r(x)dx= / {Ai-A]-^^)4>{x)nx)dx<\\{Ai-A]-^^) 

JR JR 

Using 

— (pix — f]) — rjdx4>{x) = rj^ j j {s — l)d'^<j){x + r{s — l)r])drds, 
we bound the linear terms in (8) as 



JO 



II (Aj - A^^ ') f^\\w~'^'°°{B{0,N)) + II i^l ~ f''\\wr'^'°°{B{0,N)) 

1-e f€\\ 



+ l|A/ Vlvy,"^'°°(B(0,Af)) + ^^Wr^'°°iB{0,N)) 



IVK." '°°{B(0,Ar)) 



+ iir 



IVK." '°°{B(0,Ar)) 



< C 
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being c a universal constant. The nonlinear terms are 



Ii= 4>{x)da:'P.Y. [ / + / I arctan (;Ui(t) 
Jr Wb(0,1) Jb''{Q,1) J 



and 



tanh 



drjdx = Ji + J2 



h = I (t>{x)dxP.'V. f / + / ) arctan I , — 1 ^''1^^ = J3 + Ji- 

Jm \Jb{o,i) Jb<^{o,i)I \|tanh(^j 



Using the boundedness of arctan, we get 

l^il < A\dx4>\\L^(R), for i = 1,3. 

The outer part is not singular and can be bounded (as it was done before) applying e < 1/10. 
We get 

\Ji\ < c||0||l1(r) (tan (||/o||l°°{m)) + l) , for i = 2,4. 
Putting together all these bounds we obtain 

sup \\dtfit)\\^-2,c^,^, < C (||/o||l-{r)) • 
te[o,T] \ y ^ JJ 

Using Lemma 13, we conclude the result. □ 

5 Convergence of the regularized system 

Looking at (3) we give the following definition 

Definition 1. f{x,t) E C{[0,T] x M) n L~([0, T], T^i'°°(M)) is a weak solution of (3) if, for all 
4>{x,t) G C^([0,T) X M) the following equality holds 



T 







f{x,t)dt(j){x,t)dxdt+ / fo{x)(j){x,0)da 
Jr 

L y/^^(-^^)k-^7/-tan \ ^ d. 



+P. V. ^ arctan (tan ^1^M±IS^^^ tanh (|^|) ) dr?) dxdt. 

In this section we show the convergence, as e — )■ 0, of the weak formulation (see Definition 
1) of the problem (13). 

Proposition 5. Let f he the limit of the regularized solutions f". Then f is a weak solution of 
(3). 

Proof. First, we deal with the linear terms. Using the weak-* convergence in L°°([0, T], PF^'°°(M)) 
and Lemma 1, we obtain 

/ f^{x,t)dt(l){x,t)dxdt ^ I I f{x,t)dt<l){x,t)dxdt, 
Jr Jo Jr 

/ f''{x,t)(f){x,t)dxdt —?- / / f{x,t)(f){x,t)dxdt, 
Jr Jo Jr 



26 



T r f-T 

r{x,t)k]~^(t){x,t)dxdt ^ I / f{x,t)Ai<j){x,t)dxdt, 
JR Jo ' 

T r r-T 

f\x,t)K]~^^(t){x,t)dxdt ^ I I f{x,t)Ai(j){x,t)dxdt, 

JR Jo ' 



and 



■^ix)^ix,0)dx = [ foix)iJ,*^ix,0)-^{x,0))dx 

+ / /o(2;)0(x,O)dx ^ / fo{x)(j){x,0)dx, 



where, in the last step, we use the convergence of the moUifier. To deal with the nonlinear 
terms we split the integrals 



P.V. / = P.V. / +P.V. / +P.V. 

Jm. Jb{0,S) JB':{0,5)nB{0,N) JB'={0,N) 

for sufficiently small 5 and large enough N. These parameters, 5, N, that will be fixed below, 
can depend on /o but they don't depend on e. For the inner part of the integrals, we get 

t) I 2P.V. / arctan(^i(t) |tanh(??/2)n dry 
V Jb{o,S) 

( |tanht/2)r ) - ^'^ll^^'^lliH[o,T]xM). 



+2P.V. / arctan 
Jb{o,s) 

The outer integral goes to zero as N grows. We compute 

/|= /" f 9^(/.(a;,i) f 2P.V. / arctan |tanh(r//2)|') dr/ 

Jo Jr \ Jb':{0,N) 



+2P.V. [ arctan ( \ -.^ I dri | dxdt 

Jbc(^o,n) V|tanh(r//2)ry ') 

As rj G B'^{0,N), the integrals are not singular and we only have to deal with the decay at 
infinity. Using (14), (15), (17), the bound e < 1/10 and following the same ideas in Section 3, 
we have 

— >• 0, uniformly in e as — >• oo. 

The only thing to check is the convergence of /|. Due to the compactness of the support of 
(p, we have 

11= [ [ 9^0(x,t) f 2P.V. / arctan (/ii(t) I tanh(r?/2)nd7? 

Jo Jr \ JB''{0,5)nB(0,N) 

+2P.V. / arctan ( ) dr] ] dxdt 

JB-{o,5)nBio,N) V|tanh(r//2)| J J 



[ [ (9^.</>(x,t) f 2P.V. /" arctan (;Ui(t) |tanh(r//2) I') dr? 

Jo Jb{0,M) \ J B''{0,5)C\B(0,N) 



+2P.V. / arctan 7 / '..^ di] dxdt, 



( /»2(t) 



B'^{0,S)r\B{0,N) 



V|tanh(7//2)|' 
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with M large enough to ensure supp((^) C i?(0, M). Since we have (up to a subsequence) that 
f^^f uniformly on compact sets (see Lemma 12), the uniform convergence | tanh(?7/2)|'^ — t- 1 
if \rj\ > 6 and the continuity of all the functions in this integral, the limit in e and the integral 
commute and we get 



^2 ^ / / d^rH^, t) I 2P.V. / arctan 

JB=(0,(5)nB(0,Af) 



f{x)-f(x-ri) 
2 



tanh (2) 




+2P.V. / arctan ftan /'ZM±/(^_^^ tanh ['^]]dr}\ dxdt = II 

We conclude the proof of the Theorem 1 by taking 6 « I and >> 1 to control the tails 
and then we send e — )• 0. □ 
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